Lasing and steady state superradiance are two phenomena that may appear at first glance to be distinct. In a laser, phase information is maintained by a macroscopic intracavity light field, and the robustness of this phase is what leads to the coherence of the output light. In contrast, the coherence of steady-state superradiant systems derives from the macroscopic collective dipole of a many-atom ensemble. In this paper, we develop a quantum theory that connects smoothly between these two extreme limits. We show that lasing and steady-state superradiance should be thought of as the two extreme limits of a continuous crossover. The properties of systems that lie in the superradiance, lasing, and crossover parameter regions are compared. We find that for a given output intensity a narrower linewidth can be obtained by operating closer to the superradiance side of the crossover. We also find that the collective phase is robust against cavity frequency fluctuations in the superradiant regime and against atomic level fluctuations in the lasing regime.
I. INTRODUCTION
Since its first demonstration in 1960 [1] , the laser has had a profound impact on fundamental science research and has found widespread applications in society in general. Although many different types of lasers exist, with their characteristic parameters (such as power, linewidth, pulse duration, and physical size) spanning many orders of magnitude, all lasers share a common conceptual foundation. A laser is a cavity quantum electrodynamics (QED) system consisting of a gain medium inside an optical cavity [2] . We will oftentimes refer to the gain medium as "atoms" for brevity. Lasers typically operate in the good cavity regime of cavity QED where the linewidth of the cavity is much narrower than the bandwidth of the gain medium. The atoms generate a coherent electromagnetic field in the cavity by means of stimulated emission [3] . Stimulated emission is a quantum mechanical interference effect in which the presence of a large number of photons in a particular mode of a light field increases the probability that an atom will emit into that mode. In a laser, the macroscopic phase information that is associated with the coherence of the generated radiation is encoded in the light field.
Around the same time as the laser was first demonstrated, the effect of superradiance was predicted [4] , and soon thereafter experimentally demonstrated [5] . Superradiance is a quantum mechanical interference effect in which correlations between atoms lead to collective emission. Superradiance has most commonly been considered as a transient phenomenon. Atoms in an ensemble are prepared in the excited state. Spontaneous emission is then enhanced via the growth of atom-atom correlations. However, it has been known for some time that superradiance can also occur in steady state [6] [7] [8] [9] by placing the atomic ensemble inside a cavity. In contrast to lasers, superradiance in steady-state occurs in a cavity with a much broader linewidth than the atomic linewidth. This regime is referred to as the bad-cavity limit of cavity QED [10] [11] [12] [13] [14] . The radiation produced in steady state superradiance is also coherent. However, in contrast to a laser, the coherence is encoded in the atomic medium. Progress has recently been made towards the experimental realization of steady-state superradiant systems [15] [16] [17] .
An important application of lasers is as a stable local oscillator for optical atomic clocks and precision spectroscopy [18] . These lasers rely on stabilization against reference cavities. The most advanced such lasers reach linewidths below 0.1Hz corresponding to quality factors of Q > 10 15 [19] . The principal limiting factor in the way of further improvement of these local oscillators is thermal vibrations of the dielectric coatings on the cavity mirrors [20] . To overcome this technical challenge, researchers have proposed an alternate approach using an active system based on steady state superradiance on a clock transition to create an even more stable light source [6, 12] . However, this proposal has challenges of its own. First of all, in spite of the enhancement that occurs due to superradiance, the produced intensity is orders of magnitude lower than for a conventional laser. Second of all, perturbations of atomic transition frequencies can potentially lead to phase and frequency perturbations in the generated field.
In this paper we develop a unified theory of lasers and steady state superradiance. We show that lasers and steady state superradiance are the extreme limits of a continuous crossover. The theory allows us to directly compare and contrast lasers, steady state superradiant systems, and systems in the crossover region using common language. Our analysis further clarifies the qualitative and quantitative differences between lasing and steady state superradiance. From the perspective of applications, the unified theory enables us to determine the optimal system for ultra-stable local oscillators and precision measurement applications. We analyze the model using different levels of approximation: an exact method using Monte-Carlo trajectories and SU(4) operators, a semi-classical method based on c-number Langevin equations, a quantum phase diffusion model, and a mean-field model. The different approaches provide insight into different aspects of the problem. Highly simplified models like the mean field equations and phase diffusion yield a qualitative understanding of the general characteristics of systems throughout the crossover. By comparison between the approximations we can differentiate between truly critical physical effects and less important details. We find that fluctuations and correlations play an important role in the the noise properties of the system (e.g. the linewidth of the generated light), but can be modelled semi-classically. Comparison with the exact SU(4) method for small numbers of atoms shows that c-number Langevin equations provide an accurate description of the system. Due to their much smaller computational complexity, we are then able to use the c-number Langevin equations to quantitatively study much larger systems relevant for experiment.
The rest of this paper is organized as follows. In Section II we summarize the physical model upon which our analysis is based. In Section III we discuss several approximation methods. We compare the approximations with one another to determine their accuracy and to evaluate their ability to capture the various physical signatures. In Section IV we define a crossover parameter which characterizes the relative importance of stimulated emission to collective atomic effects in a cavity QED system. In Section V we discuss our results on the crossover.
II. MODEL
As noted in the introduction, the fundamental ingredients of lasers and superradiance systems are an electromagnetic field and atoms serving as a gain medium. A minimal model consists of a single mode cavity field and an ensemble of N -two level atoms. The atoms couple to the cavity field via the dipole interaction. Energy is supplied to the system by means of incoherent repumping mechanisms. In practice this necessitates auxiliary atomic levels that rapidly decay and can be adiabtically eliminated. The resulting effect is incoherent transfer of population from the ground to excited state. The incoherent repumping, along with the atomic spontaneous emission, cavity decay, and other relaxation processes, make the system fundamentally an open quantum system that requires a quantum master equation treatment.
Mathematically, our model is described by the quantum master equation derived in the Born and Markov approximations for the reduced density matrix of the systemρ,
where,
The HamiltonianĤ describes the coherent evolution of the coupled atom cavity system, where ω a is the atomic transition frequency and ω c is the frequency of the cavity mode. The Pauli spin matrices for the j-th atom arê σ
, andâ is the annihilation operator of the cavity mode. The atom-cavity coupling strength is Ω. In general, the atom-cavity coupling depends on the location of the atom in the cavity field. To simplify the discussion, we ignore the spatial dependence since it results in quantitative changes but does not alter the basic physical properties. In principle, a constant Ω could be realized experimentally by confining the atoms to locations of equal amplitude of the cavity mode by means of a superimposed optical lattice.
The Liouvillian superoperatorL [ρ] describes the various non-Hermitian processes,
where κ is the decay rate of the cavity, γ is the freespace spontaneous emission rate of the atoms, w is the repumping rate, and 1/T 2 is the rate of inhomogeneous dephasing.
III. SOLUTION METHODS
Obtaining a direct numerical solution to Eq. (1) is impossible for experimentally relevant numbers of particles because the dimension of the Hilbert space of the system scales as 2 N . In this Section we introduce several solution methods to overcome the exponential scaling of the size of the Hilbert space. They can be grouped into three categories: Exact methods (SU(4) method with Monte-Carlo simulation), semi-classical methods (c-number Langevin equations, phase diffusion), and mean-field treatments.
The exact solution methods solve the quantum mechanical problem directly without further approximations, but are limited in applicability to small numbers of atoms. The SU(4) method provides an exact numerical solution of Eq. (1) by exploiting an underlying permutation symmetry to drastically reduce the Hilbert space dimension [21, 22] . Details of the method have been described previously in [22] . Here we extend the approach to solve the quantum master equation in the SU(4) representation using the quantum jump method [23] [24] [25] . We give details of the SU(4) quantum jump method in Appendix A.
Semi-classical methods aim to capture the physics of the system correctly for large atom number. They include a classical representation of fluctuations and correlations. Comparison with direct solution methods for small atom number allows us to verify the validity and accuracy of the semi-classical approaches.
The mean-field methods neglect fluctuations to arrive at equations for averaged quantities. These equations are sufficiently simple that it is straightforward to obtain closed form solutions that provide valuable qualitative insights into the system behavior.
A. Quantum Langevin Equations
For the derivation of the semi-classical equations corresponding to Eq. (1) it is convenient to work in the Heisenberg picture. The resulting equations are the quantum Langevin equations
where δ = ω a − ω c is the atom-cavity detuning, Γ ≡ w + γ + 2/T 2 is the generalized single-atom decoherence, and d 0 = (w − γ)/(w + γ) characterizes the atomic inversion that would be obtained for a single-atom in the absence of the cavity. We have defined the collective operators,
The quantum noise operatorsF µ have zero mean and second-order correlations given by
The diffusion matrix elements D µν are obtained using the Einstein relations [2] ,
B. C -number Langevin Equations
Quantum Langevin equations are operator valued stochastic differential equations. As such they are difficult to numerically simulate. To obtain numerically tractable equations we construct a semi-classical theory by replacing the operators in the quantum Langevin equations by complex numbers,
where there are no hats over the variables to signify that they are c-numbers and not operators. The noise terms F a , F − , and F z should be interpreted according to the rules of Ito calculus. It is easier to construct the semiclassical equations by introducing real variables according to
The equations of motion in terms of these variables are
The noise terms have zero mean and delta-correlations given by
The correspondence between the semi-classical and quantum mechanical Langevin equations is established by requiring that they produce identical equations for first and second moments of the system operators. Comparison of the second moments allows us to find the classical diffusion matrix elements D µν . In order to make this procedure well defined we have to choose a specific ordering of the quantum mechanical operators. We choose to make the correspondence using symmetric ordering defined by the symmetric expectation value
whereÂ µ andÂ ν are system operators. We point out that in this formulation, the classical Langevin equations are equivalent to a Fokker-Planck equation for the Wigner quasi-probability distribution. The resulting diffusion matrix elements are
We solve the stochastic differential equations, Eqs. (22)- (26) by means of an explicit second order weak scheme [26] . We find empirically that the symmetrically ordered diffusion matrix is positive definite when the system is above the first threshold (defined in Sec. (III C)). Below this threshold, the symmetrically ordered diffusion matrix is not positive definite, and divergent trajectories can occur. We numerically evolve an ensemble of trajectories simultaneously and we compute the expectation values appearing in Eq. (29) as ensemble averages. This allows us to use the additive form of the explicit second order weak scheme, which is simpler to implement than the general form. Typically, an ensemble of 1000 trajectories is sufficient to achieve convergence to within a few percent.
A specialization of the c-number Langevin approach that includes fluctuations in the phase (but not amplitude) of the photon field has been presented by Haken [14] , and provides a closed-form solution to obtain the spectral linewidth of the output field. We will refer to this as the phase diffusion method, and the details are given in Appendix B.
C. Mean-Field Treatment
The mean field equations capture many of the most important features of the physical system because the noise terms scale in general as √ N while the expectation values scale as N . In the limit of large numbers of atoms the noise terms are therefore typically less important for certain quantities.
By taking expectation values of the semi-classical Eqs. (22-26) we obtain mean-field equations written in the reference frame rotating at frequency ω
where the 0 subscript denotes the mean value, e.g. â = a 0 . Noise terms do not appear since they have zero average. A closed-form solution of Eqs. (30)-(32) can be obtained in steady-state by setting the left hand sides to zero. We find
for the steady state inversion. The oscillation frequency of the atom-cavity coupled system w can be determined using the condition that S z 0 must be real, giving
Simple expressions for atomic inversion and intracavity photon number can be obtained in the limit of δ = ω a − ω c Γ, κ. We find
where
κΓ is the generalized many-atom cooperativity parameter. We refer to this as a generalized parameter since the cooperativity is typically defined in terms of the single-atom linewidth γ, but here the effective linewidth Γ includes the dephasing 1/T 2 and incoherent repumping w as well.
The zeros of the intra cavity photon number Eq. (35) determine where the system reaches threshold. The first threshold is obtained at
which corresponds to the condition that energy must be supplied to the system at a rate sufficient to maintain population inversion of the atoms. A coherent macroscopic field in the cavity emerges and is accompanied by the formulation of a collective atomic dipole. A second threshold occurs at a higher rate of pumping,
where we have assumed the collective decay rate CΓ is much larger than the single atom rates γ and 1/T 2 . The second threshold corresponds to the situation where the repumping is so strong that S z 0 is close to unity, and the noise due to the strong repumping prevents the formation of both a macroscopic photon field in the cavity and a macroscopic dipole in the atomic ensemble.
The photon number in the cavity reaches its maximum at an approximate repumping strength of
Again assuming the collective decay rate CΓ is much larger than the single atom rates γ and 1/T 2 , we find a simple expression for the maximum photon number,
IV. CHARACTERIZATION OF THE CROSSOVER
The crossover from superradiance to lasing is characterized by a transition from coherence encoded in an atomic ensemble to coherence encoded in the light field. The key parameter in identifying the regime is the ratio of the photon number to atom number. With this motivation, we introduce a crossover parameter as
that is, the dimensionless ratio of the maximum intracavity photon number to the number of atoms. The parameter ξ quantifies the relative importance of stimulated emission to collective atomic spontaneous emission. If ξ 1, the system is in the bad cavity or superradiant regime. If ξ 1 the system is in the good cavity or laser regime. In the crossover or intermediate region, ξ ∼ 1, the system possesses features of both.
The mean field equations allow us to rewrite this expression in an alternate way that illuminates the role of the system parameters in determining the crossover regime. Using Eq. (39), we can rewrite Eq. (40) as
The interpretation of this is that the crossover is also characterized by the ratio of the collective coupling between the many atom ensemble and the photon mode, √ N Ω, to the linewidth of the cavity, κ.
V. RESULTS
In this section, we present results throughout the crossover from lasing to superradiance for the field intensity and linewidth, and for the atomic inversion and correlations. We begin by comparing different solution methods for small atom numbers. This comparison shows that the c-number theory gives an accurate description of first and second moments of the system operators. With the validity of the semiclassical method established we then apply it to experimentally relevant systems with large atom number.
A. Comparison of Different Solution Methods
In order to determine the validity of the approximate solution methods, we begin by comparing to the exact SU(4) Monte-Carlo simulation for N = 40 atoms. This is small enough to still be tractable by exact SU(4) MonteCarlo simulations and at the same time it is large enough to expect the approximate solution methods to be reasonably accurate. Fig. 1 shows several observables obtained using the mean field Langevin method, the phase diffusion method, the c-number Langevin method, and exact SU(4) MonteCarlo simulations for three different values of the crossover parameter: ξ = 0.2, ξ = 1, and ξ = 5. These values of ξ place the system in the superradiance, crossover, and lasing parameter regions, respectively.
Figs. 1 (a) and (c) show that the mean field equations are accurate near the peak of the intracavity photon number, w = w opt , but they are less accurate outside that region. Fig. 1 (d) shows that the phase diffusion model for the linewidth also agrees with the exact solution in the region around w = w opt , but disagrees outside that region, where the phase diffusion approximation breaks down. Although they do not quantitatively agree with the exact SU(4) method, the analytic solutions obtained by the mean field and phase diffusion models capture the correct qualitative behavior of the system. Fig. 1 shows excellent agreement between c-number Langevin and the exact SU(4) theory in all parameter regions for all of the considered observables. Therefore, the c-number Langevin theory can be relied upon for larger atom numbers inaccessible to the exact numerical solution.
B. Many-Atom Characteristics of the Crossover
Now that the accuracy of the semi-classical c-number Langevin method has been established by comparison with the exact SU(4) theory, we study the semiclassical approach in more experimentally realistic systems with N = 10 4 . The results of these simulations are shown in Fig. 2 . We also include the mean-field Langevin theory, and the phase diffusion method for the linewidth (see Appendix B). We consider both the case of vanishing inhomogeneous broadening, 1/T 2 = 0, as well as 1/T 2 = w opt /5.
As seen in Fig. 2 (a) , the inversion σ z , the correlation between atoms σ + 1σ − 2 , the intracavity photon number â †â , and the intensity correlation function G (2) (0) [2] all show universal behavior in the superradiance, crossover, and lasing regimes after appropriate scaling. The calculations for different values of T 2 show that throughout the crossover the system is insensitive to atomic dephasing provided that the repumping rate is larger than the dephasing rate. The linewidth ∆ν does not show universal behavior in the superradiance, crossover, and lasing regimes. As seen in Fig. 2 (b) , in the superradiance region, when 1/T 2 = 0, ∆ν is constant in the region of w < w opt . In contrast, the linewidth in the lasing regime, shown in Fig.2 (d) , linearly decreases as w increases towards w opt . This is the typical Schawlow-Townes behavior of the laser. In the crossover region, shown in Fig. 2 (c) , we see that for w w opt , ∆ν is constant, and as w approaches w opt , ∆ν starts to linearly decrease in a similar manner to its behavior in the lasing regime. This is a consequence of the property that a system in the crossover region displays characteristics of both superradiance and lasing.
When 1/T 2 is increased to 1/T 2 = w opt /5, Fig. 2 (b) shows that ∆ν increases for w w opt , but is not significantly affected by 1/T 2 as w approaches w opt . In the crossover region, seen in Fig. 2 (c) , the behavior is similar. In the lasing regime, as shown in Fig. 2 (d) , a qualitatively different result is observed. The linewidth decreases in the region slightly below w = w opt for 1/T 2 = w opt /5 when compared to the 1/T 2 = 0 case. This reduction has also been observed for smaller atom numbers using the exact SU(4) method, so this interesting and counterintuitive result is not a consequence of the failure of the semiclassical approximation. Fig. 3 shows the potential advantages of operating in the crossover regime, rather than in the regime of a conventional laser. Most conventional lasers are limited by available repump power, and cannot operate at the repump rate that would achieve the greatest output power and smallest spectral linewidth. It is therefore interesting to compare crossover and lasing systems operating at the same absolute repump rate. As seen in Fig. 3 (a) , for the same pump rate w, a system in the crossover region can operate with w = w opt , whereas for a lasing system, that repump rate would imply w w opt . For this same absolute repump rate, the crossover system may obtain a linewidth that is orders of magnitude smaller than the linewidth of the system in the lasing parameter regime. Fig. 3 (b) shows that this improvement in linewidth can be achieved without paying the penalty of a greatly reduced output intensity. At this w, the output intensities of the two systems are comparable.
C. Robustness Against Frequency Shifts
The sensitivity to frequency shifts is another figure of merit of an ultrastable light source, especially in the context of precision measurements. The linewidth of the emitted light as discussed so far assumes a perfectly the ultrastable light sources to these imperfections.
We illustrate in Fig. 4 the sensitivity of the line-center of the spectrum of the output light with respect to both the cavity resonance frequency and the atomic resonance frequency as a function of the crossover parameter. The sensitivity is characterized by the derivatives of the linecenter frequency with respect to ω c and ω a . On the superradiance side of the crossover, ξ 1, we observe that the system is sensitive to fluctuations of the atomic resonance frequency but robust against fluctuations of the cavity resonance. The situation is reversed on the lasing side. As a consequence, by continuously varying the crossover parameter, one has control of the relative importance of cavity frequency and atom level noise to the spectrum of the ultrastable light that is produced.
VI. CONCLUSION
In this paper we have theoretically studied the continuous crossover from steady state superradiance to lasing. We have defined a dimensionless crossover parameter that characterizes the regime as the ratio of the maximum intracavity photon number to the atom number. We showed that this encapsulates the relative importance of stimulated emission and collective superradiance. We developed a semiclassical method based on c-number Langevin equations and verified the accuracy of this method by comparison with exact numerical solutions.
We have systematically investigated a range of important observables; the output intensity, the linewidth of the emitted light, intensity correlation functions, and the sensitivity to perturbations of the cavity and atomic resonance frequencies. We find that when the repump rate is constrained, a system in the crossover regime may operate with a much smaller intrinsic linewidth and be less sensitive to cavity pulling than a comparable system operating as a conventional laser.
In this appendix we provide a short summary of the method we are using for the direct numerical simulation of the open quantum. Although the general aspects of the formalism are detailed in reference [22] , here we extend the SU(4) method to allow us to simulate systems with a moderate number of photons and atoms. We do this by unraveling the quantum master equation into quantum trajectories-a standard method in quantum optics. The unusual feature here is that the unraveling is performed in Louville space rather than in Hilbert space, because it is in Louville space that the SU(4) method operates.
The key insight is to exploit the invariance of the master equation (1) under particle exchange. This permutation symmetry allows us to write the equations of motion in terms of generators of the SU(4) group. The Hamiltonian becomes
and the dissipation terms become
for the population changing terms, and
for the dephasing term. In these equations, Q ± , M ± , N ± , U ± , V ± , Q 3 , M 3 , and Σ 3 are superoperators [22] . We expand the density matrix in terms of the fully symmetrical multiplet P q,q3,σ3 [22] of the SU(4) group, ρ = q,q3,σ3,m,n C m,n q,q3,σ3 P q,q3,σ3 m n ,
where C m,n q,q3,σ3 are complex coefficients, and |n is the photon Fock state. Note that the total number of states in the fully symmetrical multiplet is (N + 1)(N + 2)(N + 3)/6, which reduces the exponential scaling of the problem to cubic in N .
However, the dimension of the density matrix grows as the square of the photon number. This would impose great difficulties in numerical simulations of the laser region due to the large number of photons. To overcome this difficulty, we unravel the master equation into Monte-Carlo trajectories in Liouville space enabling us to eliminate the photon basis from the simulation. The essential idea behind the method is that we are able to deduce the photon state by keeping track of the total number of quanta N q in the system.
The quantum Monte Carlo method decomposes the density operator evolution into a set of quantum trajectories where, between applications of random jumps into random channels, the system evolves under an effective Hamiltonian [23] [24] [25] . The random jumps are chosen with probabilities such that the correct density operator evolution is obtained when an average is taken over trajectories. To construct a single trajectory, we first need to identify the jump operators. In our problem, there are four decay channels: repumping, spontaneous emission, dephasing, and cavity decay. The corresponding jump operators J i are
When a repumping quantum jump occurs, N q increases by one. When a spontaneous emission or a cavity-decay quantum jump happens, N q decreases by one. The dephasing quantum jumps leave N q unchanged. Therefore, during the evolution of a single trajectory, N q is uniquely determined at every time step by keeping track of the numbers of jumps of the different types. With knowledge of N q , the photon number does not need to be treated as an independent variable but is determined from the number of excited atoms. In Ref. [22] we have shown thatĴ
q,q3,σ3 = (q 3 + σ 3 )P 
whereĴ z = N j=1 σ z j /2 is the collective spin operator. Therefore, the atomic state for a particular fully symmetrical atomic basis state in terms of the number of excited atoms is |q 3 + σ 3 + N/2 q 3 − σ 3 + N/2|. And thus the corresponding photon state is m n = N q − (q 3 + σ 3 + N/2) N q − (q 3 − σ 3 + N/2) .
(A7) The simulation of jump times and decay channels is completely analogous to the wave-function Monte Carlo method. The effective evolution of the system is governed by the master equation excluding the above jump operators. As a result, under the effective evolution, the trace of the density operator is no longer conserved, but decreases as a function of time. This is analogous to the decay of the norm of the wavefunction in the wave function Monte Carlo method. A jump occurs when the trace of the density operator is less than a random number uniformly distributed in the interval [0, 1] . When a decay occurs we stochastically determine the channel i into which the system decays according to the probability distribution,
Finally, in order to get the density operator at each time step, an ensemble average of many quantum trajectories is required. Then, various observables can be calculated according to Ref. [22] . It is also worth noting that if one is only interested in the steady state density operator, a time average in the steady state can be applied instead of the ensemble average.
Appendix B: Phase Diffusion Linewidth
In this appendix we derive a closed form expression for the linewidth based on a phase diffusion model. Our analysis closely follows the derivation in [13, 14] .
Differentiating Eq. (4) with respect to time and substituting Eqs. (4) - (5) we obtain 
The annihilation operatorâ is decomposed according toâ = (a 0 +ρ)e iφ .
Above threshold, amplitude fluctuations are small so that ρ can be neglected. We then obtain for the two time correlation function of the field amplitude â † (t)â(0) = a 
where a factor of e −iφ has been absorbed intoF . Equation (B6) is then integrated, assuming that (κ + Γ) is large, to arrive at
SinceF a andF − are Gaussian, we can use 
